We review recent work which shows that generic spacetimes are timelike and null geodesically complete if the gradient of the lapse and the extrinsic curvature K are integrable. In an expanding universe, this last condition is weakened. We discuss these results with a view towards a comparison with the singularity theorems in general relativity. A discussion of the connections of these results with some interesting open problems is also given.
The global existence problem in general relativity does not reduce to a global existence theorem for a solution of the Einstein equations with some choice of time coordinate. The physical problem is the existence of spacetimes for an infinite proper time. But proper time depends on the observer, i.e. on the timelike line along which it is observed. The singularity theorems of general relativity consider as a singularity the timelike or null geodesic incompleteness of a spacetime and are established under various geometric hypotheses.
On the other hand, existence theorems for a solution of generic Cauchy problems for the Einstein equations with an infinite proper time of existence for a family of observers have been obtained but their timelike or null geodesic completeness has not been proved, at least explicitly, in dimensions greater than 1+1 (cf. (  1,2 ) ). Recently, we gave in ( 3 ) generic conditions under which a spacetime is globally hyperbolic and sufficient conditions under which it is timelike and null geodesically complete. In the case of cosmological, expanding spacetimes, we showed how our sufficient conditions for future completeness can be weakened, and proved a cosmological completeness theorem. This result applies to the inhomogeneous cosmologies considered in ( 2 ). In this paper, we review the results of ( 3 ) and point to some open issues associated with completeness in general relativity. In particular, if one would find corresponding necessary conditions for completeness along the lines we used to obtain sufficient conditions, they would give a generic singularity theorem.
Consider a spacetime (V, g) with V = M × I, I = (t 0 , ∞) a , where M is a smooth manifold of dimension n and (n+1) g a smooth Lorentzian metric which in the usual n + 1 splitting reads,
We assume the spacetime is time-oriented by increasing t and make the following hypotheses which exclude pathologies in the metric and its representative: Bounded lapse: The lapse function N is bounded below and above by positive numbers N m and N M ,
This hypothesis insures that the parameter t measures, up to a positive factor bounded above and below, the proper time along the normals to the slices M t (= M × {t}). It can be weakened by a change of choice of the parameter t. Slice completeness: The time dependent metric g t ≡ g ij dx i dx j is a complete Riemannian metric on M t (= M×{t}), uniformly bounded below for all t ∈ I by a metric γ = g t 0 . That is, we suppose that there exists a number A > 0 such that for all tangent vectors v to M it holds that
a The choice I = (t 0 , ∞) corresponds to the case of an expanding universe with a singularity in the past, for instance at t = 0 < t 0 . However, since t is just a coordinate, our study applies as well to any interval I ⊂ R.
Uniformly bounded shift: The g t norm of the shift vector β, projection on the tangent space to M t of the tangent to the lines {x} × I, is uniformly bounded by a number B.
Under these hypotheses, and using Geroch's criterion of global hyperbolicity ( 4 ) (equivalent to Leray's original definition ( 5 )), we showed that each M t , t ∈ I, is a Cauchy surface (in fact a spacelike submanifold because its normal n is timelike) of the spacetime and so proved (
3 ) that the spacetime (V ≡ M × I, (n+1) g) is globally hyperbolic. Consider now a future-directed timelike curve issued at time t 1 , C :
and is therefore infinite if the lengths of the tangent vectors dC/dt at each point of C are bounded away from zero by a positive constant. We call such a curve uniformly timelike relatively to the n + 1 splitting. Examples of such curves are the orthogonal trajectories of the space sections M t . However, the question of timelike geodesic completeness is more delicate since in an arbitrary spacetime these curves do not necessarily possess the uniformity mentioned above.
The tangent vector u to a geodesic parametrized by arc length (or by the canonical parameter in the case of a null geodesic), with components dx α /ds in the natural frame has, in the adapted frame, the following components,
Then the geodesic equations give,
where we have set, v i = dx i /dt + β i and u 0 = y. Notice that the length (or canonical parameter extension) of the curve C is,
and will therefore be infinite if ds/dt is bounded away from zero i.e., if y ≡ dt/ds is uniformly bounded. We deduce from (6) that,
and the integrand on the right hand side is itself a function of t which depends on the integration of the geodesic equations. However, we can formulate sufficient conditions on the spacetime metric under which y is uniformly bounded. Denote by ∇N the space gradient of the lapse N , by
ij the extrinsic curvature of M t and by τ ≡ g ij K ij the mean extrinsic curvature, negative in an expanding universe. We then have the following two results on the future completeness of the spacetime (V, g) (see (
3 ) for proofs):
Theorem 0.1. Sufficient conditions for future timelike and null geodesic completeness of the metric (1) satisfying assumptions (2) and (3) are that, for each finite t 1 ,
(1) |∇N | g is bounded by a function of t which is integrable on [t 1 , +∞) (2) |K| g is bounded by a function of t which is integrable on [t 1 , +∞).
Theorem 0.2. Let P be the traceless part of K. Then in an expanding universe, Condition 2 can be replaced by,
We note that the Lorentzian metric found in ( 2 ) on the 3-manifold quotient of the spacetime by an S 1 spacelike isometry group is of the type considered here with τ < 0, g ij = e 2λ σ ij , (σ t being uniformly equivalent to σ t 0 , for t 0 ≥ 0), and e 2λ ≥ 2t 2 , 0 < N m ≤ N ≤ 2. The inequalities obtained in the quoted article show that Conditions 1 and 2a above are satisfied. The considered manifold is therefore future timelike and null geodesically complete.
We finally make some remarks concerning the physical or geometrical meaning of the assumptions in the two theorems quoted above. The first condition in Theorem 0.1 on the space gradient of the lapse means that this function cannot be very large as t increases, in fact, it gets smaller asymptotically with time. This means that the proper separation (distance) between two slices remains bounded for all future times. This, we believe is a plausible assumption to make. The second assumption in Theorem 0.1 means that the curvature of each slice cannot become arbitrarily large but must remain bounded, in fact, it becomes smaller as time gets large. We may interpret this by saying that spacetime will become asymptotically homogeneous at large times. This is also a plausible assumption and similar comments apply to the hypothesis in Theorem 0.2.
We therefore conclude that under the original assumptions made on the spacetime, and the plausible assumptions given above, spacetimes are future geodesically complete. Recall that the singularity theorems of general relativity give sufficient conditions for a spacetime to be timelike and null geodesically incomplete in the past or in the future. However, these conditions are different from ours and so a comparison between the two groups of results is not immediate: Whereas the completeness theorems presented here rely on analytic assumptions made relevant to the (3+1)-splittings of the spacetime, the singularity theorems rest on 4-dimensional geometric assumptions about the behaviour of geodesics. If we could find necessary conditions for the integral (7) to be bounded, then we will have proved a generic singularity theorem, that is causal geodesic incompleteness.
